Given a general plane curve Y of degree d, we compute the number n d of irreducible plane conics that are five-fold tangent to Y . This problem has been studied before by Vainsencher using classical methods, but it could not be solved because the calculations produced too many non-enumerative correction terms that could not be analyzed. In our current approach, we express the number n d in terms of relative Gromov-Witten invariants that can then be directly computed. As an application, we consider the K3 surface given as the double cover of P 2 branched along a sextic curve. We compute the number of rational curves in this K3 surface in the homology class that is the pull-back of conics in P 2 , and compare this number with the corresponding Yau-Zaslow K3 invariant. This gives an example of such a K3 invariant for a non-primitive homology class.
A. Gathmann There are only finitely many stable maps with marked points as in Figure 1 (a), so we just have to count them and subtract their number from the virtual invariant N d . However, Figure 1 (b) shows a one-dimensional family of stable maps (the unmarked ramification point of f can move). We use equations from relative Gromov-Witten theory to compute the degree of the zero-dimensional virtual fundamental class of the moduli space on this one-dimensional component. By subtracting both correction terms, we finally arrive at the enumerative numbers n d . They are
6 − 18d 5 − 540d 4 + 251d 3 + 5712d 2 − 1458d − 14 580).
Our (as well as Vainsencher's) motivation for studying this problem came from a question concerning rational curves in K3 surfaces. If X is a K3 surface and β ∈ H 2 (X, Z) the homology class of a holomorphic curve in X, then various authors [YZ96, Bea99, Got98, BL00] have shown that the number of rational curves in X of class β is equal to the q d coefficient of the series G(q) = i>0 1 (1 − q i ) 24 = 1 + 24q + 324q 2 + 3200q 3 + 25 650q 4 + 176 256q 5 + · · · with d = 1 2 β 2 + 1, if the class β is primitive, i.e. not a non-trivial multiple of a smaller integral homology class. There is also a well-defined 'K3 invariant' (using a modified obstruction theory on the moduli spaces of stable maps to X) for non-primitive β (see [BL00] ); however, it is not yet known how this invariant relates to the above series G(q) or to the enumerative number.
The result of this paper allows us to study this question in a non-trivial example: we let X be the double cover of P 2 branched along a sextic curve Y , and take β to be the pull-back of the class of conics in P 2 . Our work allows us to compute the enumerative number of rational curves in X of class β, which we can then compare with the corresponding number of the series G(q). The result is that the 'K3 invariant' is equal to the corresponding term in the G(q) series, plus a double cover correction term that is equal to 1 8 times the number of rational curves in X of class 1 2 β. Note that this is the same sort of correction term as for multiple covers of rational curves in Calabi-Yau threefolds. We conjecture that this pattern continues for classes β of higher divisibility.
The paper is organized as follows. In § 1 we show how to compute the relative Gromov-Witten invariant N d . We analyze the moduli spaceM Y (2,2,2,2,2) (P 2 , 2) and its virtual fundamental class in § § 2 and 3, respectively, leading to the final result for n d in Corollary 3.6. Section 4 contains the application to K3 surfaces mentioned above.
Relative Gromov-Witten invariants
In this section we show how to compute the relative Gromov-Witten invariant that corresponds to the number of conics that are five-fold tangent to a given smooth plane curve. We use the notation and results from [Gat02] , to which we also refer for further details. 
(with the intersection taken inM 0,n (P D , 2d)). The virtual fundamental class is the corresponding refined intersection product
. By abuse of notation, we always drop the superscript virt from the notation of the virtual fundamental class from now on, as we do not need the ordinary fundamental classes of these spaces.
Remark 1.4. From Remark 1.3 we immediately obtain the following statement: let C = (C, x 1 , . . . , ...,mn) be an automorphism-free stable map such that C ∼ = P 1 is irreducible and f (C) ⊂ Y . Then, locally around this point,M (m 1 ,...,mn) is scheme-theoretically the subscheme of M 0,n (P 2 , 2) given by the i m i equations that describe the vanishing of the m i -jets of ev * i Y at the points x i , where ev i :M 0,n (P 2 , 2) → P 2 are the evaluation maps. Moreover, ifM (m 1 ,...,mn) has the expected dimension at this point C, then this point lies on a unique irreducible component ofM (m 1 ,...,mn) , and the virtual fundamental class on this component is just the ordinary schemetheoretic fundamental class, i.e. the length of the schemeM (m 1 ,...,mn) at this irreducible component. Remark 1.5. There is an easier description ofM (m 1 ,...,mn) as a set. Namely,M (m 1 ,...,mn) is the subspace ofM 0,n (P 2 , 2) of all n-pointed rational stable maps (C, x 1 , . . . , x n , f) of degree 2 to P 2 such that the following two conditions are satisfied:
As mentioned above, the moduli spaceM (2,2,2,2,2) has virtual dimension zero and corresponds to conics five-fold tangent to Y (together with a labeling of the five tangency points). Hence, we define the following. Definition 1.6. The number
will be called the virtual number of conics five-fold tangent to Y .
A. Gathmann
The number N d is only virtual because it receives correction terms from double covers of lines (see § § 2 and 3). In the rest of this section we show how to compute the number N d . Obviously, we can assume that d 5.
The computation is done using the main Theorem 2.6 of [Gat02] that tells us 'how to raise the multiplicities of the moduli spaces': it states that
where ev n :M (m 1 ,...,mn) → P 2 is the evaluation map at the last marked point, and ψ n is the first Chern class of the cotangent line bundle L n , i.e. of the bundle whose fiber at a stable map (C, x 1 , . . . , x n , f) is the cotangent space T ∨ C,xn . The correction terms are as follows. Every correction term corresponds to a moduli space of reducible curves with r + 1 components C 0 , . . . , C r , where C 0 is contracted 1 to a point of Y , and the other components C i intersect C 0 in a point where they have local intersection multiplicity µ i to Y . We get such a correction term for every r, every choice of µ i , and every splitting of the total homology class and the marked points onto the components C i , such that the following two conditions are satisfied:
(a) the last marked point x n lies on the component C 0 ;
(b) the sum of all µ i is equal to the sum of those m i for which x i ∈ C 0 .
These correction terms appear in the above equation with multiplicity
Here is an example of Equation (1). In the case
,2,2,2) ] + correction terms we want to figure out the correction terms. As this is an equation in (virtual) dimension 0, the contracted component C 0 must have exactly three special points (it would not be stable if it had fewer, and it would have moduli if it had more). Hence, the correction terms fall into the following two categories:
(i) r = 1 (in the above notation), C 1 is a conic, and C 0 is a contracted component with three special points x 5 , the intersection point with C 1 , and one other x i for i = 1, . . . , 4;
(ii) r = 2, C 1 and C 2 are two lines, and C 0 is a contracted component with three special points x 5 and the two intersection points with C 1 and C 2 .
Actually, case (ii) cannot occur, because condition (b) above cannot be satisfied: the sum µ 1 + µ 2 is at least 2, whereas m 5 is only 1. Hence, the only correction terms are of type (i). We get four of them: one for each choice of the point x i that is to lie on the contracted component C 0 . We have µ 1 = m i + m 5 = 3 in each of these cases by condition (b). All four correction terms appear with multiplicity µ 1 = 3. Pictorially, the equation reads
Here, the dotted curve is the fixed curve Y , and the full curve is the moving conic C. In the four correction terms, the component with x 5 on it is meant to be contracted. Written down as an
The number of plane conics that are five-fold tangent to a given curve equation of virtual fundamental classes of moduli spaces, the formula reads
Remark 1.8. The correction terms in Equation (1) ...,mn+1) . Hence, applying Equation (1) recursively m 1 + · · · + m n times, we can express every invariant onM (m 1 ,...,mn) in terms of invariants onM (0,...,0) , which are just ordinary Gromov-Witten invariants of P 2 . As the Gromov-Witten invariants of P 2 are wellknown, we can thus compute all relative Gromov-Witten invariants recursively, in particular N d . Example 1.7 is the first step in this recursion process; it expresses the invariantM (2,2,2,2,2) (with total multiplicity 10) in terms of invariants with total multiplicity 9.
Without actually carrying out the recursion, we can see the following. Proof. Using Equation (1) it is easy to show by induction that every invariant (i.e. intersection product of ev * i H and
In fact, this is obvious for m 1 + · · · + m n = 0, as we then just have ordinary Gromov-Witten invariants of P 2 (that do not depend on Y ). Equation (1) reads
All correction terms have total multiplicity at most m 1 + · · · + m n , so by the induction hypothesis they contribute a polynomial in d of degree at most m 1 + · · · + m n . The same is true for the ψ n summand on the right-hand side. Hence, as every invariant onM (m 1 ,...,mn) is a polynomial in d of degree at most m 1 + · · · + m n by assumption, it follows that every invariant onM (m 1 ,...,mn+1) is a polynomial in d of degree at most m 1 + · · · + m n + 1.
It can be seen from the same recursive formula that the
i.e. the number of conics through five general points in the plane. This number is 1, proving the statement of the lemma about the leading coefficient.
The precise form of the polynomial N d is quite complicated and can only be obtained by carrying out the full recursion as described above. We only give the result here; a Maple program to compute it can be obtained from the author on request. A. Gathmann Remark 1.12. In this section we have only used Equation (1) in the Chow ring of the moduli space of stable mapsM 0,n (P 2 , 2). In fact, there is a refined version of this equation that we need in § 3. If P k denotes the rank-(k +1) bundle of (relative) k-jets of ev * n O(Y ), there is a section σ of the line bundle P mn /P mn−1 onM (m 1 ,...,mn) whose vanishing precisely describes the condition that the map f of a stable map (C, x 1 , . . . , x n , f) has multiplicity (at least) m n + 1 to Y at x n . The first Chern class of this line bundle is ev * n Y + m n ψ n . (In fact, this is the idea behind the proof of (1).) Equation (1) then generalizes to hold also in the Chow group of the zero locus of the section σ onM (m 1 ,...,mn) .
The components ofM (2,2,2,2,2)
Having just computed the invariant N d , we now study its enumerative significance. To do this, we have to identify the components ofM (2,2,2,2,2) and compute their virtual fundamental classes. We assume from now on that Y is generic of degree d 5. The equation of Y is F = I a I z I = 0, where I runs over all multi-indices (i 0 , i 1 , i 2 ) with i 0 + i 1 + i 2 = d, and z 0 , z 1 , z 2 are the homogeneous coordinates on P 2 . We start with irreducible stable maps whose image is a smooth conic. 
(ii) if this expected dimension is negative, then there is no such point C.
Proof. The plane degree-d curves are parametrized by a projective space
, whose coordinates are the coefficients a I of F . Let Z ⊂M 0,n (P 2 , 2) × P D be the closed substack of pairs ( (C, x 1 , . . . , x n , f), Y ) such that the pull-back by f of the equation of Y vanishes at the points x i to order m i for all i. We claim that Z is smooth of the expected dimension at every point ( (C, x 1 , . . . , x n , f), Y ) such that C is irreducible and f is not a double cover of a line.
To prove this, we have to show that the matrix of derivatives of the equations describing Z has maximal rank at the given point ( (C, x 1 , . . . , x n , f), Y ). By a projective coordinate transformation of P 2 and choosing homogeneous coordinates on C ∼ = P 1 , we can assume that the map f is given by (s : t) → (s 2 : st : t 2 ), and the n marked points are (1 : λ i ) with pairwise distinct λ i .
Let us now write down the derivatives of the multiplicity equations with respect to the first m := i m i of the variables a (d,0,0) , By subtracting λ 1 times the ith column from the (i+1)th column for 1 i < m and using induction, we see that the determinant is i<j (λ i − λ j ) m i m j . In particular, it is not zero, so Z is smooth of the expected dimension at ( (C, x 1 , . .
. , x n , f), Y ).
The number of plane conics that are five-fold tangent to a given curve By Remark 1.4, the statement of the lemma is just that the fiber of Z over a general point of P D is smooth of the expected dimension around a point considered above. This now follows from the Bertini theorem.
Using Remark 1.4 again, the following two corollaries are immediate. 
) smooth rational curves for every bitangent of Y , corresponding to double covers of the bitangent, with marked points as in Figure 2(C), i.e. (for a general stable map in this smooth rational curve) the map is ramified over one transverse intersection point of the bitangent with Y and one other arbitrary point, and the five marked points are the first ramification point and the four inverse image points of the two bitangency points.
Proof. Case 1: the image of the stable map is a smooth conic. If the five marked points are distinct in P 2 , we get the components (A) by Lemma 2.1, with the 5! corresponding to the labeling of the marked points. If two of the points coincide in P 2 (i.e. lie on a contracted component of the stable map), then by the description ofM (2,2,2,2,2) in Remark 1.5 the conic must have contact of order (at least) 4 to Y at this point, i.e. it lies inM (4,2,2,2) . However, this space is empty by Lemma 2.1. Case 2: the image of the stable map is a union of two (distinct) lines. It is easy to see that the conditions of Remark 1.5 cannot be satisfied in this case.
Case 3: the stable map is a double cover of a line. There are six possible points of tangency to Y : the four inverse image points of the bitangency points, and the two ramification points if they are mapped to points of Y . For the stable map inM (2,2,2,2,2) we can pick any five of these six points. If we leave out one of the points over the bitangency points, we arrive at the components (B), otherwise we get the components (C).
A. Gathmann
In case (B) we get a factor of 5! for the choice of labeling of the marked points, a factor of
for the choice of two transverse intersection points of Y with the bitangent, and a factor of two for the choice of bitangency point over which we take only one inverse image point to be marked. In case (C) the second ramification point is not fixed, so we get one-dimensional families of such curves. Every such family has a 2:1 map to the bitangent given by the image of the moving ramification point; the two stable maps in a fiber of this map differ by exchanging the marked points over one bitangency point. The map is simply ramified over the two stable maps where the moving ramification point is one of the bitangency points. Hence, every such family is a P 1 . The number of such families is d − 4 (for the choice of transverse intersection point of the bitangent with Y ) times 1 4 · 5! (for the labeling of the marked points, taking into account that exchanging the marked points over the bitangency points does not give us a new family).
Of course, the virtual fundamental class ofM (2,2,2,2,2) splits naturally into a sum of virtual fundamental classes on each of the connected components that we have just identified. As it is well known that the number of bitangents of Y is [Har77, Exercise IV.2 .3f]), we get the following corollary.
Corollary 2.5. We have
where b d is the degree of the part of the virtual fundamental class ofM (2,2,2,2,2) supported on the pointM B ∈M (2,2,2,2,2) shown in Figure 3 , and c d is the corresponding degree supported on the smooth rational curveM C ⊂M (2,2,2,2,2) .
Computation of the virtual fundamental classes
In this section we do the necessary computations to determine the numbers b d and c d of Corollary 2.5. Most of them are simple calculations in local coordinates, so we only sketch these parts and leave the details to the reader.
The computation of b d is quite simple, as the componentM B ofM (2,2,2,2,2) has the expected dimension.
Lemma 3.1. We have
Proof. By Remark 1.4 we just have to show that the 10 equations of vanishing of the 1-jets of ev * i F for i = 1, . . . , 5 locally cut out the pointM B inM 0,5 (P 2 , 2) scheme-theoretically with multiplicity 1. Let us start with the 1-jets at the points x 1 , x 2 , x 3 , i.e. with the spaceM (2,2,2) . We can choose the coordinates on P 2 such that the bitangent is {z 2 = 0} ⊂ P 2 and the bitangency points are (1 : 0 : 0)
The number of plane conics that are five-fold tangent to a given curve and (0 : 1 : 0). This means that
Moreover, we can choose coordinates on the source P 1 such that the stable mapM B is given by (s : t) → (s 2 − t 2 : st : 0), and the marked points are x 1 = (1 : 0), x 2 = (0 : 1), x 3 = (1 : 1). Local coordinates ofM 0,3 (P 2 , 2) around this point are then 1 , . . . , 8 , where the stable map is given by
The three tangency equations are that F | s=1,t=ξ , F | s=ξ,t=1 , and F | s=1,t=1+ξ have neither constant nor linear ξ terms. It is an easy computation to see that these six equations, linearized in the i , give 1 + 2 + 3 = 4 = 5 = 6 = 7 = 8 = 0, soM (2,2,2) is smooth of dimension 2 at the pointM B (with the points x 4 and x 5 forgotten). Now let us consider the two other tangency conditions at the points x 4 and x 5 . As the four coordinates ofM (2,2,2,0,0) aroundM B we can choose the images of the ramification points and a point in the domain of the stable map in the neighborhood of each ramification point. Considering only one ramification point for now, the two corresponding local coordinates are˜ 1 and˜ 2 , where the stable map is given locally in affine coordinates as t → t 2 +˜ 1 , and the marked point is t =˜ 2 . Tangency means that the constant and linear ξ terms of (˜ 2 + ξ) 2 +˜ 1 vanish, so linearly in˜ i we get˜ 1 =˜ 2 = 0. The same is true for the other ramification point, so we see thatM B is a smooth point ofM (2,2,2,2,2) .
To study the spaceM C , we need a lemma that tells us how the stable maps inM C can be deformed if we relax some of the multiplicity conditions. Lemma 3.2. Let H be a line in P 2 , and let P ∈ H be a point where Y is simply tangent to H. Let C = (C, x 1 , x 2 , f) ∈M (2,2) be a (possibly reducible) double cover of H, such that f −1 (P ) = {x 1 , x 2 }. Then every stable map inM (2, 2) in a neighborhood of C is also a double cover of a (maybe different) line.
Proof. It is obvious that C cannot be deformed into a union of two distinct lines inM (2, 2) . So we have to show that C cannot be deformed to an irreducible smooth conic inM (2, 2) .
We use the classical space of complete conics (which is isomorphic toM 0,0 (P 2 , 2)). Recall that this space is the closure in P 5 × (P 5 ) ∨ of the set (C, C ∨ ), where C is an irreducible conic and C ∨ its dual. For our given point C (with the two marked points forgotten for the moment), C is the double line H, and C ∨ is the union of the two lines in P ∨ that correspond to the two ramification points of f in P 2 . Assume that we can deform (C, C ∨ ) in the space of complete conics to an irreducible conic that is still tangent to Y at two points in the neighborhood of P . In particular, we would then deform C ∨ to an irreducible conic that is tangent to the dual of Y (or, more precisely, if H is a bitangent of Y : to the branch of the dual of Y that corresponds to the point P ) at two points in this neighborhood. By the continuity of intersection products this means that both lines of C ∨ must actually be the line corresponding to the point P . Hence, both ramification points of f would have to be P . This means that C must have a contracted rational component over P , in contradiction to the assumption f −1 (P ) = {x 1 , x 2 }.
We want to reduce the computation of c d to spaces that have the expected dimension. To do this, we use Equation (2) from Example 1.7. Note that by Remark 1.12 this equation is true in the Chow group of the geometric zero locus of the section σ (that describes the tangency condition and whose A. Gathmann
zero locus has class ev * 5 Y + ψ 5 ), so it makes sense to restrict the equation to a connected component of this zero locus. Using Lemma 3.2 it is easy to see thatM C is such a connected component, so we restrict Equation (2) toM C and denote this restriction by |M C .
Note first that onM C the point x 5 can only come close to x 4 , but never to the other three marked points. Hence, Equation (2) 
Let us first compute the virtual fundamental classes occurring in this equation.
Lemma 3.3. We have the following.
(i) The (one-dimensional) virtual fundamental class ofM (2,2,2,2,1) onM C is twice the usual one.
(ii) The degree of the (zero-dimensional) virtual fundamental class ofM (2,2,2,3) onM C is 3.
Proof. We only sketch the computations.
(i) It is enough to do the computation at a general point ofM C . We have seen in the proof of Lemma 3.1 thatM (2,2,2,2,0) is smooth of dimension 2 at a general point ofM C . However, requiring multiplicity 1 at the point x 5 gives us a factor of two (i.e. ev * 5 Y cuts outM C inM (2,2,2,2,0) with multiplicity 2) because x 5 lies on a tangency point of the stable map with Y .
(ii) The only point ofM (2,2,2,3) inM C is the stable map in Figure 4 (a). Its multiplicity can be computed using Remark 1.4. Let us study the spaceM (2,2,2,2) at this point first. By Lemma 3.2 every stable map inM (2,2,2,2) in a neighborhood of this point must also be a double cover of a line. It follows easily that, locally around this point,M (2,2,2,2) is reducible, with two smooth onedimensional components coming together: one of them is keeping the image line f (C) to be the bitangent and moving the ramification point at x 4 , while keeping x 4 on an inverse image point of the bitangency point (Figure 4(b) ). A local coordinate for this component is , where the stable map is given locally in affine coordinates as t → z = t(t + ), and the marked point x 4 has coordinate t = 0. Now the equation F of Y vanishes on the bitangent with multiplicity 2 in z, so this equation pulled back to the curve is locally t 2 (t + ) 2 . Its t 2 coefficient vanishes to order 2 in , so this component contributes 2 to the virtual fundamental class ofM (2, 2, 2, 3) . The other component is deforming the line in P 2 away from the bitangent, with marked points as in Figure 4 (c). Requiring multiplicity 3 at x 4 now restricts the line back to the bitangent with multiplicity 1. Hence, the total degree of the virtual fundamental class ofM (2,2,2,3) onM C is 2 + 1 = 3.
To evaluate the left-hand side of Equation (3) it is not enough to compute the integral of ev * 5 Y + ψ 5 onM C . There may also be contributions from components ofM (2,2,2,2,1) that just intersectM C , if the section σ above (whose zero locus has class ev * 5 + ψ 5 ) vanishes on them at a point ofM C . Let us compute these contributions. The number of plane conics that are five-fold tangent to a given curve
Its virtual fundamental class is equal to the usual one. It intersectsM C in the point C in Figure 5(b) . The section σ on Z vanishes at C with multiplicity 4.
Proof. By Lemma 3.2 (applied to the two marked points x 1 and x 2 ) no stable map inM C can be deformed into an element inM (2,2) that is not itself a double cover of a line. So the only possible deformation is that we still have a double cover, however not of the bitangent but rather a nearby line. It is now easy to see that such a deformation is only possible for the stable map C ∈M C in Figure 5 (b), and that the deformation has to be that in Figure 5 (a). The computation of the virtual fundamental class on this component Z is completely analogous to similar calculations in previous lemmas and is therefore omitted. It remains to compute the order of vanishing of the section σ on Z at C. Let us forget for a moment that the stable map splits off a contracted rational component at this point. Let P = f (x 4 ) = f (x 5 ) be the bitangency point of C. Choose local affine coordinates z 1 , z 2 of P 2 around P such that the local equation of Y is z 2 = z 2 1 + O(z 3 1 ), and z 2 = 0 is the bitangent. As a local coordinate for Z around C we can choose , where the stable map is given locally around P by t → (z 1 = t 2 − 1 2 2 , z 2 = 1 4 4 + O( 5 ) + t 2 O( 4 )), and the marked points x 4 and x 5 are t = 0 and t = . (Note that this stable map is still a double cover of a line, t = 0 is a ramification point that maps to Y , and t = is another point that maps to Y .) Now the stable map actually splits off a rational contracted component at C, which corresponds to blowing up the point ( = 0, t = 0) in our family of stable maps. Hence, the true local coordinates of this family of stable maps are the coordinates of this blow-up, i.e. t/ and instead of t and . So the marked points x 4 and x 5 have coordinates t = 0 and t/ = 1; in particular, they no longer coincide at = 0.
The vanishing of the section σ is the condition of tangency of f to Y at x 5 . So to compute its order of vanishing at C we have to look at the linear ξ coefficient of the equation of Y evaluated at the point t/ = 1 + ξ, i.e. of Hence, the linear ξ coefficient vanishes with multiplicity 4 at = 0, which proves the lemma.
We can now assemble the results of our local calculations to compute the number c d .
Lemma 3.5. We have c d = −1 for all d.
Proof. We evaluate Equation ( . The left-hand side gets a contribution from the components ofM (2,2,2,2,1) that intersectM C , and a contribution fromM C ⊂M (2,2,2,2,1) itself.
